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43. Yl ax + by + cz +d = 0 DIEFER T P LD 1 D% (a,b, ¢)

(1)3z—y—2+2=04&D (3,-1,-1). (2) 22 +3y+2—1=04%&D (2,3,1).
44. REZI
45. (1) zp = 8x — 3y, zy = =3z + 12y. (2) 2, = 10zy + 3y3, 2, = ba? + Yxy?.
192 2\—1(5 2 2 4y + 3y
3) zz = =22y + 3x 2(2z°y + 3zy* )y = ————,
(3) g (22%y 4 32y") 72 207y + Sy%)e = 27+ 3
1 2 o\ 1 22 + 6zy 22 + 3zy
zy = = (22°y + 3z 2 (22%y + 3z .
) 227y y) 2%y ¥ = 2/22%y + 3zy? /222y + 3wy?
(4) zg = ™Y (zy)y = ye™, zy = " (zy), = xe™V.
. ! 3z
5) zp = e3¥(3x)  tan 2y = 337 tan 2y, z, = €37 2y _ 2
y 2 2
cos” 2y cos3 23/ _ )
6) z, = (cos2x)(2x) log 3y = 2 cos 2x log 3y, z, = (sin 2z) - (3y) — 3sin2x _ sin2z .
Y 3y 3y y
(7) 20 = €240(20 + ), cos(x — ) + 2V {—sin( — y)Hz — y)a = 2*V{2cos(x — ) — sin(z — y)},
zy = €271V (22 4 ), cos(z — y) (—l— 62‘”+y{)— sin(z — y)}x —y)y (: €2x+y){cos(x —y) +sin(z —y)}.
B 2T +5Y)r 2(x + 3y
(8) zg =log(2x + 5y) + (x + 3y) or iRy log(2z + 5y) + 2r by
2 5
zy = 3log(2z + 5y) + (= + 3y) - Lz +5y)y = 3log(2z + 5y) + 5(7125)
(9) 2 = (2 +2y)e(Br—2y) — (x+2y)Br —2y)e _ 3z -2y —3(x+2y) 8y
’ (3z — 2y)* (3z — 2y)* (3x — 2y)?
Lo (242y), B —2y) — (@ +2y)Br —2y), _ 2Br -2y +2(x+2y) 8
Y 3z —2y)? (3z — 2y)? (3z — 2y)?
(10) 2, = (sinz — cosy),(sinz + cosy) — (sinz — cosy)(sinx + cosy),  cosz(sinw + cosy) — cos z(sinz — cosy)
T (sinx + cos y)? B (sinx + cos y)?
_ 2coszxcosy
~ (sinz +cosy)?’
L (sinz — cosy),(sinz + cosy) — (sinx — cosy)(sinz +cosy),  siny(sinz + cosy) + siny(sinz — cosy)
v (sinx + cos y)? B (sinx + cosy)?
_ 2sinzsiny
(sinz + cosy)?
46. (1) fo=4x —y,zy = —xv +6y. f:(1,2) =2, f,(1,2) =11.

(2) fo= emgy(mQy)x = Qxye””zy fy = exzy(ny) — 22e%°Y, f2(1,2) = 4€?, f,(1,2) = €2

 (@+yP). (w+y2) % 4
(3) fac— x+y2 - :r+y2 7fy x+y - x_’_y fa:(l 2) 7fy(1a2)_ g
— L2 -3 _ " *%12 _ 2zy _ xy
@) fo= 5@y’ + 172 @y + 1o = o =i fy = (y+1) (zy® + 1)y NS ENTE R
L1.2)= = 2= M,fy(l 2) %:2{

AT (1) fo=2y+2zfy =20+32 f =x+3y. fo(1,2,1) =5,/,(1,2,1) =5, f-(1,2,1) = 7.

(2) fo =322 — 3y +22)%(2x — 3y + 22), = 6(2z — 3y + 22)?,
= —9(2x — 3y + 22)2, f. = 3(2x — 3y + 22)2(2x — 3y + 22).
Fo(1,2,1) = 24, £,(1,2,1) = —36, £.(1,2,1) = 24.

(3) fo =2, L2 % fo(1,2,1) =

y =xz-(-)y 2= *?7 z =

1
5afy(1727 ]') =

fy =32z — 3y + 22)%(2z — 3y + 22),

= 6(2z — 3y + 22)%.

7%7f2(15271) =

v

(4) Je= enc2+y2+z2 (372 + y2 + ZQ)w = 2$€x2+y2+zzvfy = ex2+y2+z2 (.’132 + y2 + 22)y = 2ye$2+92+22,

fo= e T (02 4y? 4 22), = 2z TV
48. z = f(z,y) DEWIY dz = fodz + f,dy

(1) 2, = 62%y* — 493, 2z, = 423y — 122y, k> T dz = (622y?

—4

Fa(1,2,1) = 2€5, £,(1,2,1) = 4€5, £,(1,2,1) = 2€5.

y3)dz + (4x3y — 1229%)dy.



49.

1 -1 3(4z +1) 3(4z +1)
2) zp = 4+4/3 2,2z, = (4 1)=(3 2 3 )Y = —~———2. koTdz=4\3 2d. — = dy.
(2) = V3y +2, 2, (x+)2(y+)2(y+) e ) 2 \/mi+23y+2y

(3) 2z = 4(3z + 5y)3(3z + 5y). = 12(3z + 5y)?, 2, = 4(3z + 5y)*(3x + by), = 20(3z + 5y)>.

& o Tdz = 12(3x + 5y)3dz + 20(3x + 5y)3dy.

@) e EAV e 2 @4y, 3y
T cos? (22 +yd)  cosP(2?+93) Y cos?(a? 4+ yP)  cos?(x? 4yP)
2
£oTdz= 2z 3y dy.

d
cos?(z% + y?) v cos? (2% + y2)
(5) 2z = 2" T3V 4 (224y)e 3 (243y), = (2o+y+2)e* 3, 2, = e® T3+ (204y)e* 3 (z+3y), = (6z+3y+1)e®3Y.

£2Tdz = (22 +y +2)e"da + (6 + 3y + 1)e ™ Vdy.

(6) 2 = (22 — 3y)o(2® + y°) — (22 —3y)(@® + 9% _ 2(2® +9?) —20(22 —3y) _ —22® + Gzy + 2y
z ($2 +y2)2 (CC2 +y2)2 ($2 +y2)2 ’
L (22 — 3y), (2% + y?) — (22 — 3y) (2% + ¥?)y _ —3(2? +y?) — 2y(2z — 3y) _ —322 — dzy + 3y2
y (2 +42)° (2 + 02)? (@2 + ¢°)2
—222 + 6y + 2y —322 — 4zy + 342

£oTdz = dx +

(=* +y?)° (z* +y?)?
S =2nz? + 2mxy. Sy = 4nwx + 27y = 2w (22 + y), Sy = 27w £ D AS = S, Az + S,Ay = 212z + y)Az + 21 Ay.

50. Wl = = f(z,y) EO (a,b, f(a,0) 1B ZEFEOSFAIE 2 — f(a,) = fula,b)(z — a) + fy(a,)(y —b).
(1) zp =2x,2y = 4y. (z,y) = (1,1) DEE 2z, =2(= fo(1,1)), 2, = 4(= f,(1,1)). (f(1,1) =37%»5)
KOBEFMOFERE 2 -3 =2(x - 1) +4(y—1), ThbDL 2x +4y — 2 = 3.
1 2, 2\—1 2 92 —2zy” zy”
2 T = 5— 2 5— r = = — ,
@ 5= 5 -a)EE et = g o
1 2,2\—13 2,2 —22%y 2’y
2y = —=((b—=x 2(b—x = = — .
Y 2( Y ) ( Y )y 2 5—x2y2 \/m
(@)= (L) DLF 2 = - = —d(= L(1.2)). 5 = ——Z= = -2(= £,(1.2)). (/(1.2) = 1 £5)
ROBBPHOSRAE 2 — 1= —4(x—1) -2y —2), Thbb e +2y+2=09.
(3) 2 = {cos(@ — 1)}z — 1?)a = cos(z — 42), 2, = {cos(z — y?)Hz — 1)y = —2y cos(x — ).
() =(1,1) DEE 2z, =cos0 = 1(= f2(1,1)),2y = —2cos0 = —2(= f,(1,1)),2(= f(1,1)) =sin0 = 0.
RO PFHOSHERE 2 —0=(2-1) -2y 1), Thbbr—2y—2=—1.
(2% +9%)o 2 (@2 +y%)y 2y
(4) 2 22 o2 x2+y2’zy 22+ o2 242
(z,y) =(1,0) DEE 2z, = 2(= f2(1,0)), 2y = 0(= f,(1,0)), 2(= f(1,0)) =log1 = 0.
ROZEPHOSTHEANZL 2 -0=2(x-1)+0(y—0), T4hbdb 2z —2=2.
51 dz _ Oz dz | 0z dy
Codt Oz dt Oy dt
dr _ b gt tdy _ 1 dz _ Oz dv | 0z dy _ 10z 1 0z
(1) ¢ +te! = (1+t)et, T -7 i or dt + Dy dt =1+t o + e
(2)@:(2754—1)—15-2: 1 dy _ (2t+1)-(@+1)-2 1
dt (2t +1)2 (2t +1)27 dt (2t +1)2 (2t +1)%"
de_orde _0:dy 1 _0: 1 0
+o dt ~ oc dt * dy dt (2t +1)? dz (2t +1)? 9y’
(3) Ccll—g; = cost—sint, Z—? = cos?t—sin®t = cos2t. £>T % = %Z—f %% = (cost—sint)%—i—cos%g—;.
dr L tae LAy Ll 1
(4) L5 = -+ F1+1) = Nk U+ I+ = e
iofﬂzgdi—i—ﬂﬂ:—;g—i—#&
dt Oz dt Oy dt 2,/1+1)3 9z 2y/1+t Oy’
dz _ Oz de  9zdy _ Yy 4 L,y (=) et gt —(ef—e ") (" +eh)?
52. (1) dt — Oz dt Oy dt = z? (e—e )er(e te™) = (et +e )% et +et (et +e71)?
_ ey 2etet— e e oetet 42 4 . (ete*t:etit i)

(el + e t)? (el +e1)2 e



(2) % = %%+%§% =" Y(r—y)y cost+e” Y (z—y),(—sint) = e* Y(cost+sint) = estnt=cost(gin t4-cost).
(3) dz _ 0z dx Qﬂ_Ml(t+1)—%(t+1)/+wl(t_1)—%@_1)/

dt  Oxr dt | Oy dt x4y 2 Tty 2

_ 1 1 _ 1 1
2(x +y)VE+ 1 * 20z +yVi—1  2(/t+1+VE—1Vi+1 * 2VEF14+VE—1)Vt—1
VE—T1+E+1 B 1 _ 1

TS S WS O, SO W s W S

dz _ Oz dv | 0z dy _ 1 oyp—2
(4) i o dt + Dy dt —{cos(:r+2y)}(x+2y)zt + {cos(z + 2y) }(z + 2y),(—2)t

_ cos(z +2y) n —4cos(gc+2y) _ (t—4)co§(m+2y) _ t—24 cos (logt—i—é).
t t t t t
0z _ 0z 0x | 0z Oy 9z _ 9z Ox | 9z Oy

53~ 774_77 7_774_ (zu:Zx$u+Zyyu7zv:szv—i_zyyvk%)%j—)

Ou  Oxr Ou ' Oy Ou’ v dx Ov = Oy Ov

(1) 2y = zz@y + 2yYy = zpduvd + Zy 1= duvdz, + Zy, Zy = ZgTy + ZylYy = 256uv? + Zy 3= 6uvz, + 37zy.

(2) 2y = 25Ty + 2ZyYu = 202U + zy% = 2uz, + %zy, Zy = ZpTy + ZylYy = 2520 + 2y (—v%) = 0z, — %zy

(&)

. v .
(3) 2y = 20Ty + 2yYu = 22 cos? 2 + zy{—sin(u + v)}(u + v), = —sz —sin(u + v)zy,
Zy = 2Ty + ZylYy = 2z G)e + zy—sin(u+v)Hu+v), = 1 Zgp — sin(u + v)z,.
Y COS2% Y ucos2% ’

2y = gy + 2ylYy = 2z logv 4+ zyetv = (logv)z, + €Y vzy, 2y = 22Xy + 2yYy = 2p— + 2y€" = — 2, + €%z,
(4) yY log ye" (logv) “vzy yY Z ye" Z “zy
54. (1) zy = 22@0u + 2yYu = 22y - 1 + 2%0 = 2(u + v)uv + (u + v)*v = v(u + v)(3u + v),

Zp = 2%y + ZyYo = 22y - 1+ 220 = 2(u+ v)uv + (u+ v)*u = u(u + v)(u + 3v).

_ 1l 5 oz o, 2y—3x  2(Bu—2v)—-32u+3v)  13v
(2) 2u = 2oy + 2yYu = y 2 Y2 3= Y2 - (3u — 2v)?  (Bu—20)’
I N _ 3y+2r  3(3u—2v)+22u+3v) 13u
o = Zelo 2yl = y 3 y? (=2)= v (3u — 2v)?  (Bu—2v) "
(3) 2u = 22Ty + 2yYu = 2-%(x+y)_%(x+y)w cos(2u+v)(2u+v)u+2~%(m—i—y)_%(m—i—y)y{— sin(u—2v)}(u—2v),
_ 2cos(2u+wv) —sin(u —2v)  2cos(2u + v) — sin(u — 2v)
VT t+y V/sin(2u + v) + cos(u — 20) ’
Zy = Zply + ZyYy = 2- %(ery)’% (x4+7y)s cos(2u+v)(2u+v), +2- %(xqty)’% (+y)y{—sin(u—2v) }(u—2v),
_cos(2u+wv) 4+ 2sin(u —2v)  cos(2u 4 v) 4 2sin(u — 2v)
VT Tty V/sin(2u + v) + cos(u — 2v)
2 2 2
(4) 2y = 220y + 2yYu = 2x(logy) - 2 + % -v =4xlogy + % = 4(2u + v) log(uv) + W
2
= 4(2u + v) log(uv) + (2u+v)7
2 2 2
Zy = Zply + ZyYy = 22(logy) - 1 + % cu=2zlogy + xyiu = 2(2u + v) log(uwv) + W
2
= 2(2u + v) log(uv) + w

p.14. 2 E§ 1. @ CHECK
55. (1) 2 28 /2% + 42 ORI DS 2 hE b & § 2 EEHC©H 5. ML 22 Pl (y = 0) & DLHIE 2 = V™ = el
EooiBBI z = e® © 2 > 005 % z Mo b h Il L T CE 3R, (77 7 FMESH).
(2) FBRIC 2 @%b & 2GR CTH 2. Ml & 2o Vil (y = 0) EDOSHRT 2 =4 — 2 B OO 2 =4 — 22 %
2 WO F b Y IZ[E LT TE B[S, (77 7 EHESH).

56. (1) 2, =10z —y, 2y = —z + 4y

{cos(z = y)}(z = y)a = cos(z — y), 2, = {cos(x — y)}(z — y)y = —cos(z —y).

) o @D sl Gry)-o
¢ (z+y)? (z+y)? (z+y)?’

(2) 2




o7.

59.

60.

(1) dz _ 0z dxz | 0z dy

(2)y(z +y) —x(z +y)y 0—=x x

Zay = = = — .
Y (z+y)? : (z+y)? (ery)21
(2 _ 2 1 _ L2 Jon-3,92 oy _ L, 9o o2 _ x
(4)2—(37 y) 2. Zg = Q(x y) 2(56 y)w— 2(1’ y) 22y = 7(:172—y2)37
1 _3 1 _3
=g (@ =) e =), = 5@ ) () = e

1) fo=4ay + 3y, f, = 222 + 6zy. f.(1,2) = 20, f,(1,2) = 14.

_ @y 2 (> +y)y, 1 1

(1)
(2) fo =ye™ +aye™ (zy)e = y(1+ zy)e™, f, = 2™ + zye™ (zy)y = (1 +zy)e®™. fo(1,2) = 6€, f,(1,2) = 3¢*.
®3) f

2
3 x + 12 _:rz—i—y’fy: x + 1> _x2+y'f$(1’2):§ u(1,2) = 3"
4) fo= —(3362+xy+y2)’%(3x2+xy+y2)z = br +y fy = l(3x +ay+vy )’%(3:1:2+xy+y2)y
2 2/322 + zy + y? 2
T+ 2y 5
- 2= )= 2
N e R IEEE SRS

. (1) 2 = 8zy + 5y, 2, = 42 + 15zy%. £ > T dz = (8zy + 5y?)dx + (42? + 15zy?)dy.

3cos+/3 2 1
(2) 2z = (cos/3Bx + 2y)-%(3x+2y) 2(3z42y), = C()S—Hy7zy = (cos+/3z + 2y)-%(3x+2y)_5(3x+2y)y

23z + 2y
_cosy/3T + 2y F o T ds — 3cos/3x + 2y do + cos\/3:17+2yd
T 3ty BN J3zrog Y

V=aylx+y)=2*y+ay®. koTV, =20y+y%V, =2+ 20y 556 AV = 2zy + y*)Az + (2% + 2zy)Ay.

1
1 22 y2 2 z? y2 x
1) 2z, =+ (1-2- _ Y y QA | S
()zw2<49><49m41ﬁyg,
1
2 2\ "z 2 2
N e
o9 /1-2
4
4 _ 3 _ _ -2 __2 1 AN _ 2,
(3,2,3)0)33%— 4.%— 1,2y = 9.% 3.J:0“Cz 3 (ac 3) 3(y 2) &D

3z +2y+32=09.

_ _ 2x
2) = (22 4+ 42 + U= (22 + 2 + 2(22 42 4 _ ’
(2) ( vy ze ( y?+y) % v+ Y)e T
o 2y+l

(@ +y* +y)*

r=1Ly=00,& z=1,2, =-2,2y=-1. o Tz—-1=-22—-1)—(y—0) XD 2z +y+2=3.

zy=—(@+ P +y) 2@+ +y)y =

= {cos(3z + 2y) }(3z + 2y),(—t %) + {cos(3z + 2y) } 3z + 2y), (lt_%)

At Ox dt | Oy dt 2

= —t%cos(?)x+2y)+ Wcos(?mc—i—?y). x = %,y: VvVt kD % = <_t32+\}i) cos (% +2\/Z).
2 2 2 2 _ :
@) dz _ &dix_i_ﬂﬂ _ (2z 2+ xy + 5y Q)z (—sint)+ (2z 2+ xy + 5y Q)z cont — (4x+y)s;nt+ (x+210y)cost .
dt Oxr dt Oy dt 2z° + xy + Sy 2z° + xy + Sy 2% + 2y + by
= cost,y = sint £ D dz _ —(4cost+si;t)sint+‘(cost+'102sint) cost _ 00822t+6§intcost+51%122t .
dt 2cos“t + costsint 4+ Hsin“ ¢ 2cos“t +sintcost 4 5sin“¢
_ _ —1—-w
(1 w = ZgXy + u = + 2 + at‘]-* + 2 + U= 77"
(1) 2u = z2u + 24y (z+y) " (z+y) (@+y) (@ +y)y v @10
v = ZgLy v = — —2 z 1= —2 = —u
2o = ZaTy + ZyY (z+y)*(z+y) (@+y) " (z+y)y-u @4y
14w 14+u
= , Y= X0 uw = = y A = T .
r=u+v,y=uv z CERERTE z (0t v+t )
B (22 +3y), (2z + 3y), ) _cos(u+v) — 3sin(u + v)
(2) zu = 22Tu+2yYu = 27 1 3y {cos(u+v) Hu+v),+ 5% 1 3y {=sin(u—v) H{u—v), = 5 T 3y ,
2 2 3 :
Zo = ZaTyt 2yl = %{Cos(u—&-v)}(u—l—v)v—l—%{—sin(u—v)}(u—v)v _ cos(u+ 1;)x4;33s;n(u +o)
cos(u 4+ v) — 3sin(u + v) _cos(u+v) + 3sin(u +v)

@ =sinutv),y = cos(u—v) kb 2 = 2sin(u +v) +3cos(u —v) "7 2sin(u + v) + 3cos(u —v)



