
大日本図書　新微分積分 II問題集　 2章§ 1 BASIC 詳しい解答

p.12. 2章§ 1. 偏微分法　 BASIC

43. 平面 ax+ by + cz + d = 0の法線ベクトルの 1つは (a, b, c)

(1) 3x− y − z + 2 = 0より (3,−1,−1). (2) 2x+ 3y + z − 1 = 0より (2, 3, 1).

44. 解答参照

45. (1) zx = 8x− 3y, zy = −3x+ 12y. (2) zx = 10xy + 3y3, zy = 5x2 + 9xy2.

(3) zx = 1
2
(2x2y + 3xy2)−

1
2 (2x2y + 3xy2)x =

4xy + 3y2

2
√
2x2y + 3xy2

,

zy = 1
2
(2x2y + 3xy2)−

1
2 (2x2y + 3xy2)y =

2x2 + 6xy

2
√
2x2y + 3xy2

=
x2 + 3xy√
2x2y + 3xy2

.

(4) zx = exy(xy)x = yexy, zy = exy(xy)y = xexy.

(5) zx = e3x(3x)′ tan 2y = 3e3x tan 2y, zy = e3x
(2y)′

cos2 2y
= 2e3x

cos2 2y
.

(6) zx = (cos 2x)(2x)′ log 3y = 2 cos 2x log 3y, zy = (sin 2x) · (3y)′

3y
= 3 sin 2x

3y
= sin 2x

y
.

(7) zx = e2x+y(2x+ y)x cos(x− y) + e2x+y{− sin(x− y)}(x− y)x = e2x+y{2 cos(x− y)− sin(x− y)},
zy = e2x+y(2x+ y)y cos(x− y) + e2x+y{− sin(x− y)}(x− y)y = e2x+y{cos(x− y) + sin(x− y)}.

(8) zx = log(2x+ 5y) + (x+ 3y) · (2x+ 5y)x
2x+ 5y

= log(2x+ 5y) +
2(x+ 3y)

2x+ 5y
,

zy = 3 log(2x+ 5y) + (x+ 3y) · (2x+ 5y)y
2x+ 5y

= 3 log(2x+ 5y) +
5(x+ 3y)

2x+ 5y
.

(9) zx =
(x+ 2y)x(3x− 2y)− (x+ 2y)(3x− 2y)x

(3x− 2y)2
=

3x− 2y − 3(x+ 2y)

(3x− 2y)2
= − 8y

(3x− 2y)2
,

zy =
(x+ 2y)y(3x− 2y)− (x+ 2y)(3x− 2y)y

(3x− 2y)2
=

2(3x− 2y) + 2(x+ 2y)

(3x− 2y)2
= 8x

(3x− 2y)2
.

(10) zx =
(sinx− cos y)x(sinx+ cos y)− (sinx− cos y)(sinx+ cos y)x

(sinx+ cos y)2
=

cosx(sinx+ cos y)− cosx(sinx− cos y)

(sinx+ cos y)2

=
2 cosx cos y

(sinx+ cos y)2
,

zy =
(sinx− cos y)y(sinx+ cos y)− (sinx− cos y)(sinx+ cos y)y

(sinx+ cos y)2
=

sin y(sinx+ cos y) + sin y(sinx− cos y)

(sinx+ cos y)2

=
2 sinx sin y

(sinx+ cos y)2
.

46. (1) fx = 4x− y, zy = −x+ 6y. fx(1, 2) = 2, fy(1, 2) = 11.

(2) fx = ex
2y(x2y)x = 2xyex

2y, fy = ex
2y(x2y)y = x2ex

2y. fx(1, 2) = 4e2, fy(1, 2) = e2.

(3) fx =
(x+ y2)x
x+ y2

= 1
x+ y2

, fy =
(x+ y2)y
x+ y2

=
2y

x+ y2
. fx(1, 2) =

1
5
, fy(1, 2) =

4
5
.

(4) fx = 1
2
(xy2 + 1)−

1
2 (xy2 + 1)x =

y2

2
√
xy2 + 1

, fy = 1
2
(xy2 + 1)−

1
2 (xy2 + 1)y =

2xy

2
√

xy2 + 1
=

xy√
xy2 + 1

.

fx(1, 2) =
4

2
√
5

= 2√
5

=
2
√
5

5
, fy(1, 2) =

2√
5

=
2
√
5

5
.

47. (1) fx = 2y + z, fy = 2x+ 3z, fz = x+ 3y. fx(1, 2, 1) = 5, fy(1, 2, 1) = 5, fz(1, 2, 1) = 7.

(2) fx = 3(2x− 3y + 2z)2(2x− 3y + 2z)x = 6(2x− 3y + 2z)2, fy = 3(2x− 3y + 2z)2(2x− 3y + 2z)y

= −9(2x− 3y + 2z)2, fz = 3(2x− 3y + 2z)2(2x− 3y + 2z)z = 6(2x− 3y + 2z)2.

fx(1, 2, 1) = 24, fy(1, 2, 1) = −36, fz(1, 2, 1) = 24.

(3) fx = z
y
, fy = xz · (−1)y−2 = − xz

y2
, fz = x

y
. fx(1, 2, 1) =

1
2
, fy(1, 2, 1) = − 1

4
, fz(1, 2, 1) =

1
2
.

(4) fx = ex
2+y2+z2

(x2 + y2 + z2)x = 2xex
2+y2+z2

, fy = ex
2+y2+z2

(x2 + y2 + z2)y = 2yex
2+y2+z2

,

fz = ex
2+y2+z2

(x2 + y2 + z2)z = 2zex
2+y2+z2

. fx(1, 2, 1) = 2e6, fy(1, 2, 1) = 4e6, fz(1, 2, 1) = 2e6.

48. z = f(x, y)の全微分 dz = fxdx+ fydy

(1) zx = 6x2y2 − 4y3, zy = 4x3y − 12xy2. よって dz = (6x2y2 − 4y3)dx+ (4x3y − 12xy2)dy.



(2) zx = 4
√
3y + 2, zy = (4x+ 1) 1

2
(3y + 2)−

1
2 (3y + 2)′ =

3(4x+ 1)

2
√
3y + 2

. よって dz = 4
√
3y + 2dx+

3(4x+ 1)

2
√
3y + 2

dy.

(3) zx = 4(3x+ 5y)3(3x+ 5y)x = 12(3x+ 5y)3, zy = 4(3x+ 5y)3(3x+ 5y)y = 20(3x+ 5y)3.

よって dz = 12(3x+ 5y)3dx+ 20(3x+ 5y)3dy.

(4) zx =
(x2 + y3)x

cos2(x2 + y3)
= 2x

cos2(x2 + y3)
, zy =

(x2 + y3)y
cos2(x2 + y3)

=
3y2

cos2(x2 + y3)
.

よって dz = 2x
cos2(x2 + y3)

dx+
3y2

cos2(x2 + y3)
dy.

(5) zx = 2ex+3y+(2x+y)ex+3y(x+3y)x = (2x+y+2)ex+3y, zy = ex+3y+(2x+y)ex+3y(x+3y)y = (6x+3y+1)ex+3y.

よって dz = (2x+ y + 2)ex+3ydx+ (6x+ 3y + 1)ex+3ydy.

(6) zx =
(2x− 3y)x(x

2 + y2)− (2x− 3y)(x2 + y2)x
(x2 + y2)2

=
2(x2 + y2)− 2x(2x− 3y)

(x2 + y2)2
=

−2x2 + 6xy + 2y2

(x2 + y2)2
,

zy =
(2x− 3y)y(x

2 + y2)− (2x− 3y)(x2 + y2)y
(x2 + y2)2

=
−3(x2 + y2)− 2y(2x− 3y)

(x2 + y2)2
=

−3x2 − 4xy + 3y2

(x2 + y2)2
.

よって dz =
−2x2 + 6xy + 2y2

(x2 + y2)2
dx+

−3x2 − 4xy + 3y2

(x2 + y2)2
dy.

49. S = 2πx2 + 2πxy. Sx = 4πx+ 2πy = 2π(2x+ y), Sy = 2πxより∆S ≒ Sx∆x+ Sy∆y = 2π(2x+ y)∆x+ 2πx∆y.

50. 曲面 z = f(x, y)上の点 (a, b, f(a, b))における接平面の方程式は z − f(a, b) = fx(a, b)(x− a) + fy(a, b)(y − b).

(1) zx = 2x, zy = 4y. (x, y) = (1, 1)のとき zx = 2(= fx(1, 1)), zy = 4(= fy(1, 1)). (f(1, 1) = 3だから)

求める接平面の方程式は z − 3 = 2(x− 1) + 4(y − 1), すなわち 2x+ 4y − z = 3.

(2) zx = 1
2
(5− x2y2)−

1
2 (5− x2y2)x =

−2xy2

2
√
5− x2y2

= − xy2√
5− x2y2

,

zy = 1
2
(5− x2y2)−

1
2 (5− x2y2)y =

−2x2y

2
√
5− x2y2

= − x2y√
5− x2y2

.

(x, y) = (1, 2)のとき zx = − 4√
5− 4

= −4(= fx(1, 2)), zy = − 2√
5− 4

= −2(= fy(1, 2)). (f(1, 2) = 1だから)

求める接平面の方程式は z − 1 = −4(x− 1)− 2(y − 2), すなわち 4x+ 2y + z = 9.

(3) zx = {cos(x− y2)}(x− y2)x = cos(x− y2), zy = {cos(x− y2)}(x− y2)y = −2y cos(x− y2).

(x, y) = (1, 1)のとき zx = cos 0 = 1(= fx(1, 1)), zy = −2 cos 0 = −2(= fy(1, 1)), z(= f(1, 1)) = sin 0 = 0.

求める接平面の方程式は z − 0 = (x− 1)− 2(y − 1), すなわち x− 2y − z = −1.

(4) zx =
(x2 + y2)x
x2 + y2

= 2x
x2 + y2

, zy =
(x2 + y2)y
x2 + y2

=
2y

x2 + y2
.

(x, y) = (1, 0)のとき zx = 2(= fx(1, 0)), zy = 0(= fy(1, 0)), z(= f(1, 0)) = log 1 = 0.

求める接平面の方程式は z − 0 = 2(x− 1) + 0(y − 0), すなわち 2x− z = 2.

51. dz
dt

= ∂z
∂x

dx
dt

+ ∂z
∂y

dy
dt

(1) dx
dt

= et + tet = (1 + t)et,
dy
dt

= 1
t
. よって dz

dt
= ∂z

∂x
dx
dt

+ ∂z
∂y

dy
dt

= (1 + t)et ∂z
∂x

+ 1
t

∂z
∂y

.

(2) dx
dt

=
(2t+ 1)− t · 2

(2t+ 1)2
= 1

(2t+ 1)2
,
dy
dt

=
(2t+ 1)− (t+ 1) · 2

(2t+ 1)2
= − 1

(2t+ 1)2
.

よって dz
dt

= ∂z
∂x

dx
dt

+ ∂z
∂y

dy
dt

= 1
(2t+ 1)2

∂z
∂x

− 1
(2t+ 1)2

∂z
∂y

.

(3) dx
dt

= cos t−sin t,
dy
dt

= cos2 t−sin2 t = cos 2t. よって dz
dt

= ∂z
∂x

dx
dt

+ ∂z
∂y

dy
dt

= (cos t−sin t) ∂z
∂x

+cos 2t ∂z
∂y

.

(4) dx
dt

= − 1
2
(t+ 1)−

3
2 (1 + t)′ = − 1

2
√
(1 + t)3

,
dy
dt

= 1
2
(t+ 1)−

1
2 (1 + t)′ = 1

2
√
1 + t

.

よって dz
dt

= ∂z
∂x

dx
dt

+ ∂z
∂y

dy
dt

= − 1

2
√
(1 + t)3

∂z
∂x

+ 1
2
√
1 + t

∂z
∂y

.

52. (1) dz
dt

= ∂z
∂x

dx
dt

+ ∂z
∂y

dy
dt

= − y

x2 (et−e−t)+ 1
x
(et+e−t) = − (et − e−t)2

(et + e−t)2
+ et + e−t

et + e−t =
−(et − e−t)2 + (et + e−t)2

(et + e−t)2

= −e2t + 2ete−t − e−2t + e2t + 2ete−t + e−2t

(et + e−t)2
= 4

(et + e−t)2
. (ete−t = et 1

et
= 1に注意)



(2) dz
dt

= ∂z
∂x

dx
dt

+ ∂z
∂y

dy
dt

= ex−y(x−y)x cos t+ex−y(x−y)y(− sin t) = ex−y(cos t+sin t) = esin t−cos t(sin t+cos t).

(3) dz
dt

= ∂z
∂x

dx
dt

+ ∂z
∂y

dy
dt

=
(x+ y)x
x+ y

1
2
(t+ 1)−

1
2 (t+ 1)′ +

(x+ y)y
x+ y

1
2
(t− 1)−

1
2 (t− 1)′

= 1
2(x+ y)

√
t+ 1

+ 1
2(x+ y)

√
t− 1

= 1
2(
√
t+ 1 +

√
t− 1)

√
t+ 1

+ 1
2(
√
t+ 1 +

√
t− 1)

√
t− 1

=

√
t− 1 +

√
t+ 1

2(
√
t+ 1 +

√
t− 1)

√
t+ 1

√
t− 1

= 1
2
√
t+ 1

√
t− 1

= 1

2
√
t2 − 1

.

(4) dz
dt

= ∂z
∂x

dx
dt

+ ∂z
∂y

dy
dt

= {cos(x+ 2y)}(x+ 2y)x
1
t
+ {cos(x+ 2y)}(x+ 2y)y(−2)t−2

=
cos(x+ 2y)

t
+

−4 cos(x+ 2y)

t2
=

(t− 4) cos(x+ 2y)

t2
= t− 4

t2
cos

(
log t+ 4

t

)
.

53. ∂z
∂u

= ∂z
∂x

∂x
∂u

+ ∂z
∂y

∂y
∂u

, ∂z
∂v

= ∂z
∂x

∂x
∂v

+ ∂z
∂y

∂y
∂v

(zu = zxxu + zyyu, zv = zxxv + zyyvとも表す)

(1) zu = zxxu + zyyu = zx4uv
3 + zy · 1 = 4uv3zx + zy, zv = zxxv + zyyv = zx6u

2v2 + zy · 3 = 6u2v2zx + 3zy.

(2) zu = zxxu + zyyu = zx2u+ zy
1
v

= 2uzx + 1
v
zy, zv = zxxv + zyyv = zx2v + zy

(
− u

v2

)
= 2vzx − u

v2
zy.

(3) zu = zxxu + zyyu = zx
( vu )u

cos2 v
u

+ zy{− sin(u+ v)}(u+ v)u = − v
u2 cos2 v

u

zx − sin(u+ v)zy,

zv = zxxv + zyyv = zx
( vu )v

cos2 v
u

+ zy− sin(u+ v)}(u+ v)v = 1
u cos2 v

u

zx − sin(u+ v)zy.

(4) zu = zxxu + zyyu = zx log v + zye
uv = (log v)zx + euvzy, zv = zxxv + zyyv = zx

u
v

+ zye
u = u

v
zx + euzy.

54. (1) zu = zxxu + zyyu = 2xy · 1 + x2v = 2(u+ v)uv + (u+ v)2v = v(u+ v)(3u+ v),

zv = zxxv + zyyv = 2xy · 1 + x2u = 2(u+ v)uv + (u+ v)2u = u(u+ v)(u+ 3v).

(2) zu = zxxu + zyyu = 1
y

· 2− x
y2

· 3 =
2y − 3x

y2
=

2(3u− 2v)− 3(2u+ 3v)

(3u− 2v)2
= − 13v

(3u− 2v)
,

zv = zxxv + zyyv = 1
y

· 3− x
y2

· (−2) =
3y + 2x

y2
=

3(3u− 2v) + 2(2u+ 3v)

(3u− 2v)2
= 13u

(3u− 2v)
.

(3) zu = zxxu+zyyu = 2 · 1
2
(x+y)−

1
2 (x+y)x cos(2u+v)(2u+v)u+2 · 1

2
(x+y)−

1
2 (x+y)y{− sin(u−2v)}(u−2v)u

=
2 cos(2u+ v)− sin(u− 2v)√

x+ y
=

2 cos(2u+ v)− sin(u− 2v)√
sin(2u+ v) + cos(u− 2v)

,

zv = zxxv+zyyv = 2 · 1
2
(x+y)−

1
2 (x+y)x cos(2u+v)(2u+v)v+2 · 1

2
(x+y)−

1
2 (x+y)y{− sin(u−2v)}(u−2v)v

=
cos(2u+ v) + 2 sin(u− 2v)√

x+ y
=

cos(2u+ v) + 2 sin(u− 2v)√
sin(2u+ v) + cos(u− 2v)

.

(4) zu = zxxu + zyyu = 2x(log y) · 2 + x2

y
· v = 4x log y + x2v

y
= 4(2u+ v) log(uv) +

(2u+ v)2v

uv

= 4(2u+ v) log(uv) +
(2u+ v)2

u
,

zv = zxxv + zyyv = 2x(log y) · 1 + x2

y
· u = 2x log y + x2u

y
= 2(2u+ v) log(uv) +

(2u+ v)2u

uv

= 2(2u+ v) log(uv) +
(2u+ v)2

v
.

p.14. 2章§ 1. 偏微分法　 CHECK

55. (1) z が
√
x2 + y2 の関数だから z 軸を中心とする回転面である. 曲面と zx平面 (y = 0)との交線は z = e

√
x2

= e|x|

だから指数関数 z = ex の x ≧ 0の部分を z 軸のまわりに回転してできる回転面. (グラフは解答参照).

(2) 同様に z 軸を中心とする回転面である. 曲面と zx平面 (y = 0)との交線は z = 4− x2 だから放物線 z = 4− x2 を

z 軸のまわりに回転してできる回転面. (グラフは解答参照).

56. (1) zx = 10x− y, zy = −x+ 4y

(2) zx = {cos(x− y)}(x− y)x = cos(x− y), zy = {cos(x− y)}(x− y)y = − cos(x− y).

(3) zx =
(x+ y)− x(x+ y)x

(x+ y)2
=

(x+ y)− x

(x+ y)2
=

y

(x+ y)2
,



zy =
(x)y(x+ y)− x(x+ y)y

(x+ y)2
= 0− x

(x+ y)2
= − x

(x+ y)2
.

(4) z = (x2 − y2)−
1
2 . zx = − 1

2
(x2 − y2)−

3
2 (x2 − y2)x = − 1

2
(x2 − y2)−

3
2 2x = − x√

(x2 − y2)3
,

zy = − 1
2
(x2 − y2)−

3
2 (x2 − y2)y = − 1

2
(x2 − y2)−

3
2 (−2y) =

y√
(x2 − y2)3

.

57. (1) fx = 4xy + 3y2, fy = 2x2 + 6xy. fx(1, 2) = 20, fy(1, 2) = 14.

(2) fx = yexy + xyexy(xy)x = y(1 + xy)exy, fy = xexy + xyexy(xy)y = x(1 + xy)exy. fx(1, 2) = 6e2, fy(1, 2) = 3e2.

(3) fx =
(x2 + y)x
x+ y2

= 2x
x2 + y

, fy =
(x2 + y)y
x+ y2

= 1
x2 + y

. fx(1, 2) =
2
3
, fy(1, 2) =

1
3
.

(4) fx = 1
2
(3x2 + xy + y2)−

1
2 (3x2 + xy + y2)x =

6x+ y

2
√

3x2 + xy + y2
, fy = 1

2
(3x2 + xy + y2)−

1
2 (3x2 + xy + y2)y

=
x+ 2y

2
√

3x2 + xy + y2
. fx(1, 2) =

4
3
, fy(1, 2) =

5
6
.

58. (1) zx = 8xy + 5y3, zy = 4x2 + 15xy2. よって dz = (8xy + 5y3)dx+ (4x2 + 15xy2)dy.

(2) zx = (cos
√
3x+ 2y) · 1

2
(3x+2y)−

1
2 (3x+2y)x =

3 cos
√
3x+ 2y

2
√
3x+ 2y

, zy = (cos
√
3x+ 2y) · 1

2
(3x+2y)−

1
2 (3x+2y)y

=
cos

√
3x+ 2y√

3x+ 2y
. よって dz =

3 cos
√
3x+ 2y

2
√
3x+ 2y

dx+
cos

√
3x+ 2y√

3x+ 2y
dy.

59. V = xy(x+ y) = x2y + xy2. よって Vx = 2xy + y2, Vy = x2 + 2xy だから∆V ≒ (2xy + y2)∆x+ (x2 + 2xy)∆y.

60. (1) zx = 1
2

(
1− x2

4
− y2

9

)− 1
2
(
1− x2

4
− y2

9

)
x

= − x

4
√

1− x2

4 − y2

9

,

zy = 1
2

(
1− x2

4
− y2

9

)− 1
2
(
1− x2

4
− y2

9

)
y

= − y

9
√
1− x2

4 − y2

9

.

(
4
3
, 2, 1

3

)
のとき zx = −

4
3

4 · 1
3

= −1, zy = − 2
9 · 1

3

= − 2
3
. よって z − 1

3
= −

(
x− 4

3

)
− 2

3
(y − 2)より

3x+ 2y + 3z = 9.

(2) z = (x2 + y2 + y)−1, zx = −(x2 + y2 + y)−2(x2 + y2 + y)x = − 2x
(x2 + y2 + y)2

,

zy = −(x2 + y2 + y)−2(x2 + y2 + y)y = − 2y + 1

(x2 + y2 + y)2
.

x = 1, y = 0のとき z = 1, zx = −2, zy = −1. よって z − 1 = −2(x− 1)− (y − 0)より 2x+ y + z = 3.

61. (1) dz
dt

= ∂z
∂x

dx
dt

+ ∂z
∂y

dy
dt

= {cos(3x+ 2y)}(3x+ 2y)x(−t−2) + {cos(3x+ 2y)}(3x+ 2y)y

(
1
2
t−

1
2

)
= − 3

t2
cos(3x+ 2y) + 1√

t
cos(3x+ 2y). x = 1

t
, y =

√
tより dz

dt
=

(
− 3

t2
+ 1√

t

)
cos

(
3
t
+ 2

√
t
)
.

(2) dz
dt

= ∂z
∂x

dx
dt

+ ∂z
∂y

dy
dt

=
(2x2 + xy + 5y2)x
2x2 + xy + 5y2

(− sin t)+
(2x2 + xy + 5y2)x
2x2 + xy + 5y2

cos t =
−(4x+ y) sin t+ (x+ 10y) cos t

2x2 + xy + 5y2
.

x = cos t, y = sin tより dz
dt

=
−(4 cos t+ sin t) sin t+ (cos t+ 10 sin t) cos t

2 cos2 t+ cos t sin t+ 5 sin2 t
= cos2 t+ 6 sin t cos t+ sin2 t

2 cos2 t+ sin t cos t+ 5 sin2 t
.

62. (1) zu = zxxu + zyyu = −(x+ y)−2(x+ y)x · 1− (x+ y)−2(x+ y)y · v = −1− v
(x+ y)2

,

zv = zxxv + zyyv = −(x+ y)−2(x+ y)x · 1− (x+ y)−2(x+ y)y · u = −1− u
(x+ y)2

.

x = u+ v, y = uv より zu = − 1 + v
(u+ v + uv)2

, zv = − 1 + u
(u+ v + uv)2

.

(2) zu = zxxu+zyyu =
(2x+ 3y)x
2x+ 3y

{cos(u+v)}(u+v)u+
(2x+ 3y)y
2x+ 3y

{− sin(u−v)}(u−v)u =
cos(u+ v)− 3 sin(u+ v)

2x+ 3y
,

zv = zxxv+zyyv =
(2x+ 3y)x
2x+ 3y

{cos(u+v)}(u+v)v+
(2x+ 3y)y
2x+ 3y

{− sin(u−v)}(u−v)v =
cos(u+ v) + 3 sin(u+ v)

2x+ 3y
.

x = sin(u+ v), y = cos(u− v)より zu =
cos(u+ v)− 3 sin(u+ v)

2 sin(u+ v) + 3 cos(u− v)
, zv =

cos(u+ v) + 3 sin(u+ v)

2 sin(u+ v) + 3 cos(u− v)
.


